ZETA FORMS AND THE LOCAL FAMILY INDEX THEOREM 
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O ! 0. Introduction and Preliminaries 

(N 
}_i ■ Let X be a C°° n-dimensional compact Riemannian manifold without boundary 

Ph. and let E = E^ © E~ be a Z2-graded (super) complex vector bundle over X. We 

"^ ! write r(X, E) for the space of C°° sections of E and r for the involution defining 

0> \ the induced Z2-grading. The super (or Z2-graded) trace of a trace class operator 

a on T{X,E) is defined by Str(a) = Tr (ra). Let A and F be classical (one-step 
polyhomogeneous) pseudodifferential operators (^dos) acting on V{X,E). Suppose 
w \ that A is of order z/ G M and that F is elliptic of positive integer order k and such that 

W \ there is an angle 6 for which the principal symbol ak{F)(x, ^) has no eigenvalues on 

^ ■ Re = {re*^ | r > 0}. In this situation, Grubb-Seeley |(tS1j show that as A — >• oo in 

c^ . an open sub-sector of C around Rg there is an asymptotic expansion of the resolvent 

supertrace for m > {n + v)/k 

oo oo 

u-^-n—j 



o 



(0.1) Str(A(F-A/)-)~5^«,(-A)"^- + 5^(allog(-A)+a:)(-A)-'^- 

i=o fc=o 



> 

^ ! On the other hand, for Re(s) > (n + h')/k the complex powers AF^^ are trace class 

^ \ and a generalized (super) zeta function can be defined by 

^: UA,F,s) = ^ii{AF-') . 



'k 



When A is the identity we write Ce{F, s) := Ce(/, F, s). It is well known [(H^ IH^tI 
IS) that the expansion ()U.ip is essentially equivalent to the meromorphic extension 

^ ' C(^! -^! s)!™'''' of C(^, -P", s) (omitting the 9 subscript) to all of C with the singularity 

:• . structure 

where no(-F) is the orthogonal projection onto the kernel Ker(F) of F. The coeffi- 
cients in fj0.2|) differ from those in (jO.H) by universal multiplicative constants. The 
aj,aj are local, being determined by finitely many homogeneous terms of the local 
symbol expansions, while the a depend globally on A, F and the bundle E. 

Since r(s)~^ = s + o(s) around s = 0, ()0.2p implies that (o{A, F, s)\^'^^ is holo- 
morphic at s = provided Oq = 0. In particular, this holds for the zeta func- 

r P^l 
tion (g{P'^ , s)\^^'^ associated to the odd parity operator P = „_,_ , where 

P^ : r{X,E~^) — > r{X,E~) is a classical elliptic ipdo of positive order, and P~ 
its formal adjoint. Since P^P~ and P~P^ have identical non-zero spectrum while 



P '^^ vanishes on Ker(P) for Re(s) > 0, it follows that Ce{P^, s)|™*^'' = 0. Evaluating 
at s = gives the Atiyah-Bott-Seeley zeta function formula for the index 

(0.3) C.(p2,0)r^'- = 0; 

for, Str(no(p2)) = dimKer(P+) - dimKer(P-) := ind (P) and hence from ^UBf 
(and (jO.ll) ) equation ()0.3p is the identity 

(0.4) ind (P) = a„ + Oq = «„ + Oq . 

When P is a differential operator, then a^ = and ()0.4|) gives a formula for the 
index as the integral over X of a locally determined density. 

Since P^ is positive, ()().3j) and ()().4|1 are further equivalent for t > to the heat 
trace formula ind (P) = Str(e~*'^ ); — if P is positive (jU.lj) and ()0.2|) are equivalent 
|GS2j to a heat trace expansion as t -^ 0+ (with the same coefficients as ()0.2j) ) 

oo oo 

(0.5) Str(Ae-*^) ~ ^a^t^^^ + ^(-^ logt + a)!,)^'' • 

j=0 k=0 

If Oq = 0, the next term up in the Laurent expansion of Ce{F, s)|™'^'' around s = 
of a classical ipdo F is the logarithm of the regularized (graded- or super-) zeta- 
determinant det^^g P. Thus 

(0.6) logdetc.P = -^^C,{F,s)\T:1 = Ceilog F,F,s)\T:1 . 

It is consistent to also write sdet ^^^P for the super zeta-determinant, but here we 
prefer to retain the usual notation unless we need to emphasize the grading. Notice 
that in the case of the trivial grading the supertrace reduces to the usual operator 
trace and so det^ ^ P then coincides with the usual ungraded zeta determinant, while, 
for example, for even-parity P = P"^ © P~ one has 

detc,gP+ 
sdet^,eP = / 

det^^gP 

with det^^e P^ ungraded zeta determinants. 

In this paper we extend these constructions to geometric families of ipdos. We 
consider a C°° fibration vr : M — > B of finite-dimensional manifolds with closed 
boundaryless fibre Mz = 7c^^{z) equipped with a Riemannian metric Qm/b on the 
vertical tangent bundle T{M/B). Let | A^ | = | A (T*(M/P))| be the line bundle 
of vertical densities, restricting on each fibre to the usual bundle of densities | Am^ | 
along Mz- Let £ = £^ ® £~ he a. vertical Hermitian super bundle over M and let 
'K^{£) = 7!'^{£~^) © 7i^{£^) the graded infinite-dimensional Frechet bundle with fibre 
T{Mz,£^ © I Am^ l^^"^) at z E B, where £^ is the super bundle over M^ obtained 
by restriction of £. By definition, a C°° section of tt^{£) over P is a C°° section of 
£ © I Att 1^/^ over M, and more generally the de-Rham complex of C°° forms on B 
with values in 'n'^,{£) is defined by 

A{B, 7f,{£)) = r(M, 7T*{AT*B) © ^ © I A, \^/^) 

with © the graded tensor product. We write '^{£) for the infinite-dimensional bundle 
of algebras with fibre ^{£^) the space of classical V^dos on T(Mz,£^ © | Am^ |^^^). 



A section F G ^(5, \l/(£^)) defines a smooth family of ■j/'dos with differential form 
coefficients parameterized by S. If the smooth family of ■i/'dos 

(0.7) P:=F[o]Gr(5,v]/(^)) 

defined by the form degree zero component of F has positive order and admits a 
spectral cut Rg then, for an auxihary family of ipdos A e A{B,'^{£)), we use the 
fibrewise supertrace to define for Re(s) >> a mixed degree differential form 

(0.8) Ce(A, F, s) = Str(AF,-^) G A{B). 

When A = I is the vertical family of identity operators we write Ce(F, s) := ^^(l, F, s). 
In a similar way to the single operator case, an analysis of the asymptotic behavior 
of the corresponding resolvent trace differential form defined for sufficiently large m 
and |A| 

StT{A{f - W)-"") e AiB,^{£)) , 

shows that if the kernels KerP;j of the family ()0.7|) have constant dimension, then 
the zeta trace form ()0.8|1 extends meromorphically on C to a form C6i(A, F, s)|™*'''. 

For a family of strictly positive operators F one has additionally the heat trace 
form 

(0.9) Str(Ae-^) G A{B) , 

which, in the case when A = I and F is the curvature form of a superconnection, 
is the object of interest in Bismut's heat equation proof of the local Atiyah-Singer 
index theorem for families of Dirac operators. Resolvent trace forms, or equivalently 
the zeta trace forms, are, however, more general geometric invariants which are 
also defined for families of non-positive operators — for example, the zeta form 
for a family of self-adjoint first-order elliptic differential operators over an odd- 
dimensional manifold. This is concordant with |GSH IGS2J where the resolvent trace 
and power operators were shown to provide a considerably more powerful tool for 
ipdo analysis, than heat kernel methods alone - a principle which applies equally 
well to families of ^/'dos. These constructions are for general elliptic families, the 
particular case of a family of Dirac operators is considered when explicit formulas 
are sought for the locally determined coefficients in the trace expansions, such as 
in the case of the local index density and for such geometric results heat kernel 
methods have so far been the most effective. 

It is useful, then, to use these methods to compute higher geometric invariants as 
generalized ^-forms, such as Wodzicki residue trace forms which extend the usual 
residue trace functional in so far as it vanishes on super commutators of families of 
'j/'dos, the Kontsevich-Vishik trace form, eta-forms, analytic torsion forms, and the 
extension of the corresponding zeta form invariants to families of singular manifolds. 
Here we illustrate the methods with an alternative view point onto the Atiyah-Singer 
family index theorem. 

The following formulas generalize the Atiyah-Bott-Seeley formula (jO.Hj) . 

Theorem 0.1. Let A^ G A{B, "^{S)) be the curvature form of a superconnection A 
on TT^{S) adapted to a smooth family of elliptic ipdos P = {Pz | ,2 G -B) G T{B, "${8)). 



Suppose that the family of kernels KerP^ = KerP^ © KerP^ have constant dimen- 
sion as z varies in B, forming a super bundle KerP over B. Then (^^(A^, s)|™®'' is 
canonically exact in A{B). There is a canonical transgression form r^a G A{B) 
such that the following formula holds in A{B) 

dim B , 

(0.10) J2 ^^ U^' , -k)n = dTA^ 

and implies the Family Index Theorem transgression formula for the Chern character 
form. Precisely, replacing A by the t-rescaled superconnection At, the regularized 
limit as t ^ 0+ of ()0.10|1 is the formula 

ch(KerP,V°) = LlMt^o (ch{At) - d f Str(A^e"^') rfa J 

(0.11) = / StT{A{x))-dUMt^o( [ StiiKe-^"-) da) , 

Jai/b \Jt J 

where A is a section of the bundle AT*M(g)End(£) over M whose d-form component 
A[j^ is the coefficient of \-^-^~<i-l'^ in tJi^ asymptotic expansion of the kernel of the 
resolvent (A^ — A/)~™ G A{B, "^{S)) as X ^ oo in a subsector of C 

In fl0.11|) . At is defined by multiplying the form degree i component A[j] of A by 
^i-«/2_ rjnj^g scaled super Chern character form is defined by ch(At) = Str(e~**), 
while for a finite rank super bundle V with connection V, ch(V, V) = Str(e~^ ) is 
the classical graded Chern character form. If IIq is the smooth family of smoothing 
operator projections onto KerP, V° = Hq- A[i] -IIo is the induced classical connection 
on KerP. Jj^i^ '■ A''{M) — > A''~"'{B) denotes integration over the fibre, while 
the regularized limit LIMt^^o picks out the t° term in the asymptotic expansion as 
t^0+. 

Notice from (jO.lUp that it is now not just the value of the zeta function at zero 
that determines the index, but also its meromorphically continued value at a finite 
number of negative integers. 

By standard index theory arguments Theorem 10.11 implies the following general 
cohomological formula for any smooth family of elliptic ^/'dos. 

Corollary 0.2. For any elliptic family of tpdos P G r(i?, \I'^'^(£^)) there exists a 
smooth family of smoothing operators K G T{B, '^~°°{£)) such that P+K has constant 
kernel dimension and Ind {P+ K) = Ind (P) in K[B). The following formula holds 
m H*{B) 

dim_B ^ 

(0.12) J^_^^(A2 + /<,-fc)p- = 

fc=0 

and implies the cohomological family index theorem in H*{B) 



(0.13) ch(Ind P) = LIMi^och(Ai) = / Str(A(a;)) 

'ai/b 



Equivalently, this zeta form may be viewed as a map K{B) — > H*{B) which van- 
ishes identically - naturally generalizing ()0.3p . More generally, the meromorphically 
continued zeta form for a smooth family of V^dos is a K-theoretic invariant. 

Following the single operator case, for a general smooth family of ^-admissible 
ipdos F G A{B, \I/(-E)) with spectral cut Rg the next term up in the Laurent expan- 
sion around s = of ^^(F, s) defines the logarithm of the super zeta determinant 
form 

(0.14) det^,eF G AiB) . 

This is a non-local mixed-degree differential form invariant which extends the clas- 
sical operator zeta determinant. We may on occasion write sdet^^gF for ()0.14|) to 
emphasize the grading. 

Lemma 0.3. Let P= F[q] G r{B,'$-^^{S)) be the degree zero component of F. Then 
P is (-admissible and 

(0.15) det^,eF=det^,eP+^C,e(0 , 

where uj^,e{F) G A>'{B) = Ek>i-^'iB)- 

Hence the degree zero part of det^^F coincides with the classical zeta determinant 
function z i — > det^^gPz- Lemma KOI is proved in Section 2. 

We use these methods to give the following geometric application of the (^-determinant 
form. The total Chern class on the semi-group Vect(X) of finite rank complex vector 
bundles defines a stable characteristic class and so descends to a ring homomorphism 

c : K{X) — > H*{B) , 

on the K-ring of virtual bundles, which is an isomorphism on the rational coefficient 
ring. For an element [V^] — \V~] G K{B), represented by V^ G Vect(X), one has 

(0.16) c{[V^] - [V-]) = ^ . 

To construct a de-Rham representative for the cohomology identity ()0.16|) we may 
use Quillen's observation |^ that just as form representatives for the characteristic 
classes of a vector bundle can be computed from a connection, so the characteristic 
class forms of a virtual bundle can be computed from a superconnection, extending 
Chern- Weil theory from Vect(X) to K{X). This applies to the Chern class in the 
infinite-dimensional setting in the following way. 

Theorem 0.4. Let A be a superconnection adapted to a family of self- adjoint Dirac 

operators D = „^ associated to a Clifford connection over a Riemannian 

fibration of spin manifolds tt : M ^ B. The zeta- Chern form defined by the super 
zeta determinant form 

(0.17) Cf(A) = sdet^,^(/+ A^) G AiB) 

is a closed differential form and a homotopy invariant of A representing the Chern 
class c(Ind(D)) G H*{B) of the index bundle. 



Fort > 0, let At be the scaled superconnection. If D has constant kernel dimension, 
defining a super bundle Ker(D) -^ B, then there is a Chern-Simons generalized zeta 
form ujt^ooi^) £ -^{B) such that for allt>0 the transgression formula 

(0.18) c(Ker(D), V°) = c^{At) + dut,oo{A) 

holds in A{B), where V° is defined in Theorem \0.1\ The left-side of ()().18j) is the 
classical (super) Chern form, defined for a finite-rank complex graded vector bundle 
V with connection V by c(V, V) = sdet(/ + V^) := exp(Str(log(/ + V^))). (A 
precise formula for uJt,oo{-^) is given in Section 5.) 

When At is the Bismut superconnection then the form C(^{At) has a limit in A{B) 
as t -^ 0+ with 



(0.19) lim c^(At) = n ^ ''' ' 

where A{M/B) = det"*^' ^ ( . u/nM/B/oi ) ^^ the vertical A-genus form and ch {8) is the 
twisted Chern character form for £ . Here r[j] is the j -form component of t E A{B). 

By standard index theory arguments the constant kernel condition can be dropped 
for the cohomological formula for c(Ind(D)): Theorem IU.4I implies the following 
Chern class Families Index Theorem. 

Corollary 0.5. For any smooth family of Dirac operators D associated to a Clifford 
connection one has in H*{B) 

(0.20) c(Ind(D))= JJ e ^ ' A2.1 . 

Remarks. 

[1] As a generalized zeta-determinant, the form c^(A) is a highly non-local invariant. 
That the identities ()().19j) . ()().2()j) hold is due to a localization of c^(At) when A^ is 
the scaled Bismut superconnection 

C^(At) = Ciocal,c(^) + Cglobal,c(^)(^) + '^^t 

into a local term plus a global term Cgiobai,c ('^) ('^) which is 0(t^/^) and an exact global 
term which is 0(1) as t — > 0+. For a general superconnection the form c^(At) does 
not converge as t — *> 0+. 

[2] The determinant line bundle £ ^ -B of a family of elliptic ^dos P G r(i?, ^(^)) of 
odd parity is the complex line bundle with fibre A™'^'^Ker(P+)* (g) A™'^''Ker(P~). The 
Quillen-Bismut-Freed connection is defined on L via a meromorphically continued 
zeta trace [Q| IBFj and one has: 

Corollary 0.6. The curvature of the Quillen-Bismut-Freed connection on L is 

i?(^) = LIM,_.o+Cc(Ai)[2] . 



1. Asymptotic Expansion of the Resolvent Trace Form 

Let TT : M — > B he a, smooth family of closed Riemannian manifolds with 
Hermitian vector bundle £ — ;> M, as in the introduction. Let ^{£) be the bundle 
of subalgebras of End(7r*(£^)) of classical ipdo s, and let '^'^{E) (resp. \l/^'^(£^)) be 
the subbundle of operators of order v G r(i?) (resp. less than v). Thus the fibre of 
^"{E) at z e B is the algebra ^^(^)(M^,^J of classical ^dos on T{M^,£,) of order 
i'{z) e M, and its sections are families of ^/'dos which in any local trivialization of 
M and S over an open subset U <Z B depend smoothly on the local coordinates. 

The fibre product M x^ M is the fibration over B with fibre Mz x M^ and vertical 
bundle £ ^ £ := p\{£) ® p^i^Y ■> where pi,p2 : M x^, M — > M are the canonical 
projection maps. For a smooth family of ■j/'dos with differential form coefficients 
Q G A{B, \E'(£^)), if X G M is not in the support of ■?/' G A{B, t^{£)) then there is a 
smooth family of smooth kernels on M x^ M\A(M), where A(M) is the diagonal 
{(x,x) I X G M} inM x^M, 

K{Q) G r(M X, M\A(M), n*{AT*B) ® {£ ® \A^\'^^) ® {£* ® \A^\'^'')) 

with |A^|^/^ the line bundle of half-densities along the fibres of M, such that 



(LI) {Qi^){x)= / KiQ){x,y)ilj{y) . 

Jai/b 

Restricted to the fibre M^ (jl.lj) reduces to the usual pointwise kernel formula; for 

X G Mz not in the support oi ip & ^{M^, £z) 

(1-2) (Q^^)(x)= / ir(g^)(x,2/My). 



For a family Q G A{B^'^'^~^{£)) of order less than the fibre dimension K{Q) 
extends continuously across A(M), and hence applying to Q the A{B) valued su- 
pertrace 

Str:^(5,^<-"(^)) — ^A{B) , 

defined fibrewise for z G -B by the operator supertrace on \1''^~"(£^^), defines a 
differential form Str(Q) G A{B). On the other hand, the restriction of K{Q) to the 
diagonal M C M x^ M defines a continuous section of n*{AT*B) (g) End(£^) (g) |Ajr| 
depending smoothly on the base parameters, and so the End(£^)-supertrace defines 
a section Str(i^(Q)(x,x)) in r{M,7T*{AT*B) (g> |A^|) which can be integrated over 
the fibres and we have 



:L3) Str(Q)=/" StT{K{Q){x,x))eA{B) 

Jm/b 



M/B 

For the general case, Q G A{B, "${£)) means that in any local trivialization of 
M and £ the operator Q is represented by a vertical polyhomogeneous symbol. This 
means the following. Assume a local trivialization M\Ug = Ub x Mz^ over an open 
subset Ub C B with zq G Ub, and a triviahzation £uj^j = Um x I^^, where M^ 
inherits a grading from £umj o^^^r an open subset Um C tt^^{Ub)- Um may be 
identified as a product Um = Ub x Uz^ ^ M^™^ x M" with f/^^ = Um n Mzo- A 



vertical symbol may be written according to form degree as q = q[o] + . . . + q[dimB] 
with 

(1.4) qik]{z,x,0 e r (f/s X f/,„ X R"\{0}, 7r*(A^T*[/B) ® M^ x (M^)*) , 

where ^ may be identified with an element of the vertical (or fibre) cotangent space 
T*{M/B). Each q[fc] can be written (locally) as a finite sum of terms of the form 

'^j=o^j ® q[k],j with ujj G A'^^Ub) a basis of local fc-forms and q[k]j is a symbol (in 
the usual single manifold sense) of form degree zero. For clarity of exposition we 
shall assume for the moment that the vertical symbols are simple, meaning that they 
have the local form q[/c] = w^ q[k] with just one term in each form degree (J = 0). 
That q[fc] be a vertical (simple) symbol of order u G r(i?,]R'^'™'^"'"^) is the growth 
requirement in fibre direction that for k = 0, ...,dimi? and for all multi-indices 
a,/3,7 

(1.5) |aXafq[,](z,x,OI < C(l + lel)-'^^^)-!^! , 

where x G U^o, z E Ub, and z/(z) = {ui^z), . . . , i^dim{B)+i{z)) , while on the left-side 
I . I is a choice of norm on 7i*{a''T*Ub) ® M^ x (M^)*. The estimate dESl) holds 
uniformly in C,, and on compact subsets of Ub x Uzq uniformly in {z,x). A vertical 
symbol q is classical (1-step polyhomogeneous) of order u G r(i?,]R'^'™'^"'"^) if there 
is an asymptotic expansion 

(1-6) q[k]{z,x,^) ~ J^q[fc]j(2;,x,0 

i>o 

as 1^1 -^ oo, meaning q[k]iz, x, 0-Y.jJo ^WjI^' ^' is a symbol of order Uk{z) - N, 
and where q[k]j{z,x,$,) is positively homogeneous of degree I'kiz) — j in ^, meaning 
that for t > 

qik]j{z,x,t^) =f"'^'^^^ci^k],j{z,x,0 ■ 
Then Q : A{B,'k^,{£)) -^ A{B,n^{£)) is a simple vertical classical family of V'dos 
parameterized by B and of order ly G T{B, M'^™'^"'"^), and we write Q G A{B, tt^:{S)), 
if in any local trivialization, as above, there is a simple vertical classical symbol 
q = q[o] + . . . + q[dimB] of order z/ such that for ip with support in a compact subset 
oiUM 

QV^(^) = TTTvr / / e'^''-y^-^^{z,x,0^{y)dyd^ + R^{x), 

where R is a smooth family of smoothing operators, meaning that it is defined by a 
smooth vertical kernel K{R){x,y). 

In particular, if as before Q G A{B,'$^~"'{S)), meaning that i^iiz) < —n for 
i = 0, 1, ... , dimS -|- 1, then for the corresponding vertical volume form, ()1.3|) is 
pointwise the differential form in A{B) 

Sti{Q){z) = TT^r^ I Str(q(2;,x,0)c?^volM/B • 

J M/B l-^^J JR" 

Notice that writing q according to form degree corresponds to writing 

Q = Q[0] + Q[l] + • • • + Q[dimB] 



9 

where Q[k] G A''{B,'^{S)) raises form degree in A{B,n^{£)) by k. With respect to 
a local (weak) trivialization of ^^{8) over U G B one has 

A{U,7r,{S)\u) = AiU) ®r{M,,,S^') 

for zq G U and so a general Q[fc] can be written locally as a sum of simple vertical 
^dos Q[k]\u = Ei=o^fc,i ® Qi , with Uk,j e ^'^(f/) and Qj G r(t/, ^'^^(^°)(£,J). 

Composition defines a canonical algebra structure on A{B, "${8)), coinciding with 
the usual pointwise structure on "^{Sz), such that 

(1.7) A\B, ^"{S)) X A'iB, ^"{S)) -^ A'+^iB, ^•'^''{S)) . 

The muhiphcation (fTTjl is defined locally at the symbol level; if A G A'iB, '^"(S)), B G 
A^{B, "$^{8)) with simple local symbols given over Um by 

a = cu[,] ® a G r ( (?7m x, J/m) x R"\{0}, 7r*{A'T*UB) ® M^^ x (M^)*) , 

b = (T[,] ® 6 G r ( {Um X, t/A/) X M"\{0}, 7c*{A'T*Ub) ® R^ x (M^)*) 
then AB G ^^"'^•'(i?, \E''^+^(£^)) is defined by the vertical polyhomogeneous symbol 

(1.8) a o b = iU[i] A a[j] ® (aob) , 

where, as elsewhere, ® means the graded tensor product, and a o 6 ~ X]i('^ ° ^)j 
with 

(ao6),.= 5^ ^9^"(a).4"W^ • 

\a\+k+l=j 

The crucial property of a family of ^dos in A{B,'^{S)) is that ellipticity prop- 
erties are determined by its form degree zero component. For a family of ipdos 
P G r(i?,\l'(£^) = ^^(5, ^(£^)), with differential form degree zero, the principal 
symbol, defined in any local trivialization to be the leading term po in the asymp- 
totic expansion ()l.(j|l . has an invariant realization as a smooth section 

PoGr(T(M/S),y.*(End(£))), 

where cp : T{M/B) — > M is the tangent bundle along the fibres. 

Definition 1.1. A smooth family ofipdos Q G A{B, "^{S)) with differential form co- 
efficients is said to be elliptic with principal angle 9 if its form degree zero component 
P := (?[o] G T{B,'^{£)) is elliptic with principal angle 6. This means that 

Po - AX G r(T(M/i?)\{0},p*(End(^))) 

is an invertible bundle map for X E Re = {re*^ | r > 0}, where I is the identity 
bundle operator, 

Proposition 1.2. If Q E A{B, "^{S)) is elliptic with principal angle 6, then there is 
an open sector Tg C C — {0} containing Re such that on any compact codimension 
zero submanifold Be of B for large A G Fg there is a smooth family of vertical 
resolvent ijjdos 

(1.9) {Q-\l)-'eAiB,,^{S)) . 



10 

Here I is the vertical identity, defined by the symbol 1=1®/, coinciding pointwise 
with the identity I^ on r{Mz, "^{8^)), while the form degree zero component of ()1.9p 
coincides pointwise with the usual ipdo resolvent for P := Q^. Precisely, let 

Q[^o] = Q-PeA\B,^iS))) 

be the component of Q with non-zero form degree. Then for large A G Fg the following 
identity holds in A{Bc, ^(^)) 

(1.10) [Q-XI)-' = (P-Xl)-' + J2 (-l)'(^- A/)-^ ((?[>o](P- A/)-^)' . 

k=l 

Proof. The resolvent for P G ^"^(S, \l/'^°(^)) can be constructed using a standard 
procedure JHIIEEI- Locally, with respect to trivializations, for 

/i e re,m = {ve C\{o} | v"' e r,} 

inductively define vertical symbols bj[/i] G T ( {Um x^ Um) x M'^MO}, M^ x (M^)*) 
homogeneous in (/i, ^) of degree —u — j by 

ho[n]{z,x,0 = {po{z,x,^) -/i™/)"^ , 
(1-11) 

\ct\+k + l=j 
k<j 

SO that 

(1.12) (J]p,(z,x,0 -/i"^/) o (j]b,N) ~ I . 

It follows that for A = /i™ there exists a vertical polyhomogeneous symbol b[A] ~ 
^bj[yu]. By a standard partition of unity construction, and using the local trivi- 
alizations, we can patch together to define B = OP(b) G r(i?, \E'~'^"(£^)) and from 
(frn|) (P - AI)B = / - R with R G T{B, ^-°°(£)). The L^ operator norm of R(^) 
is 0(|A|~^) uniformly on Be and so / — R is invertible in T{Bc, ^(^)) for sufficiently 
large |A| with 

(1.13) (P-AI)-i = B + B^R^' . 

i>i 
The extension to ()1.10|) is a consequence of the nilpotence of the differential form 
coefficients of Q[>o] = J2k=i Q[fc]- From p.7p and ()1.8|) . if 

dimB 

AeA>'{B,^{S)):= Y,A\B,^{S)), 

2=1 

SO A (strictly) raises form degree in A{B, Tr^{£)), we have A = for k > dim 5. 
Hence the Neumann expansion exists, consisting of only finitely many terms giving 
the identity in A{B, ^{£)) 

(/-A)-i = / + A + ... + A'^'"^^ . 
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Since (Q-AI)-i = (P-AI)-i (I + Q[>o](P - Al)-i) and Q[>o](P-AI)-i G ^>0(5, ^{S)) 
we reach the conclusion. D 

Remarks. 

[1] Evidently, the proof can also be carried out directly by constructing a parametrix 
for the full local symbol q G T ( ([7^/ x^ Uaj) x M"\{0}, 71*{AT*Ub) ® M^ x (R^)*) 
from the vertical symbol parametrix b for p(z, x, C,) — fJ'^I, as above, and then 
using the differential form nilpotence of (q — XI) — (p — A/) and the corresponding 
Neumann expansion, defined for the symbol product ()1.8j) . to construct a local 
symbol parametrix for (q — XI) of the form p.lO|) . 

[2] In the following we shall for brevity not distinguish between B^ and B. In 
particular, this distinction in Theorem 10. II and Theorem 10.41 is not pertinent. 

Theorem 1.3. Let F = Ylk=Q ^[k] ^ -^(-S, ^l'(^)) be a smooth simple fam,ily of 
elliptic ipdos of constant order {vf)^V2T ■ ■ .VAimB), so that P = F^ is an elliptic 
family with parameter X ETg of constant order r = vq > 0, and Vj = ord(Fy]) G M} . 
Then with w = Xlfc™ ^j' if X eTq and m > ^^^^^ the resolvent derivative 

(1.14) 5r~'(/^- ^0"' e AiB, ^<-"(^)) 

is a smooth family of ip do s with continuous kernel Km{x,y,X) with asymptotic ex- 
pansion on the diagonal M G M x„ M, summing over differential form degree p, 

dimAf / 

K^ix,x,X) -^ Y. [ Y. ^•,[M](^,a:)(-A)''"^-('"+'=) 
p=o y>o, [p,fc] 

(1-15) + Y iKM(^^^)^^sX + Al^Jz,x)){-X)-^^^-^^^ 

Z>0, [q,k] 

where k,q E {0, 1, ... , dimM} and [p, k] = {pi-^, . . . ,pi^) an ordered multi-index of k 
non-negative integers pi^ < . . . < pi^ with 

\[p,k]\-=Pii + ---+Pik=P anrf Wk = Vi^ + ...Vi^, 

and where the coefficients A^jp^fc], A^ r ,, are locally determined and ^Mpw globally 
determined sections of the bundle 

{7v*{AT*B) ® I A^ I) ® End(^) C APT*M ® End(£:) 

over M , depending smoothly on z = ti{x). 

Consequently, taking the supertrace one has an asymptotic expansion as X ^ oo 
in Tq, summing over form degree d = p — n > 0, 

dimB I 

StT{dT-\F-XI)-'){z) -Yin a„[,,,](^)(-A)^^^^^^-(™+'=) 

d=0 \j>0, [d,fc] 

(1-16) + Yl («;,[.,,](^)logA + a;;[,,^](;^))(-A)-'-('"+'') 

1>Q, [d,q] 
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where the coefficients aj,[d,fc] = /^^,^ Str(Aj [^i+njc]), and similarly «;ugi,«iu„i; are 
elements of A'^{B). 

If Vi G N, then fll.l6|) can be written more economically as 
(1.17) 

d=0 \j>0 l>0 

Proo/. Let W = F - P G ^>°(5, ^{S)). Then from (imUl we have 

dimB 

(1.18) (F-AI)-i = ^(-l)'=(P-AI)-i(W(P-AI)-^)*^ 

A:=0 
dimB /dimB ^ '^ 

(1.19) = Y. (-l)'(P - ^')-^ E Wh(P - Al)-^ 

Hence 

(F - Al)f,f = (-l)'^ E (P - ^")"'Wjp,](P - Al)-i . . . W[p,](P - Al)-i . 

pi+...+Pk=d 

And consequently, 

(1-20) 7 -TT^^^T 7TT d^'\^ - Al)wi 

^ ^ (mo- l)!...(mfc-l)! ^ ^ ^t'^] 

= E ( E (P-AI)-™«W[,,](P-AI)--...W[,,](P-AI)-™'= 

pi+...+Pfc=c( \Tno+...+m(;=m+fc 

For clarity we have assumed that with respect to any local trivialization 

(1.21) W[p^.] = w[p^.] ® Q, 

with w\p.] apj-form; for the general case take finite sums of the following expansions. 
The task at hand, then, is to compute the asymptotic supertrace of the operator 

R(A,m) = (P-AI)-"^»W[,,](P-AI)-™^..W[,,](P-AI)-"^''. 

First, R(A, m) is a smooth family of ipdos of order 

(1.22) Vi + . . . + Vk — {rriQ + l)r — ... — (tti^ + l)r = w^ — {m + k)r . 
To satisfy p.l4|) we hence need 

Wk — {m + k)r < —n, k = 0, . . . , dim B , 

and so taking m > {w + n)/r will do. 

For simplicity we will treat only the case where r is a positive integer, the general 
case is obtained by a generalization explained in |(tHJ . The proof follows broadly 
Theorem(2.7) of |GSlj . and we use without comment the notation introduced there 
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^7,; (or ^2'' = ^T''(M^)) for the symbol spaces (on M,) \ Let B = OP(b) be the 
parainetrix for P — Al constructed from ()1.11|) . Then (P — AI)B = / — R with pointwise 
R{z) e OP(^-~'-0, while for large XeTg ^TH^ implies 

(p_AI)-™> = B"' + B^Rq) 

i>i 

in T{B,^{S)) with R(j)(z) G OP(S7°°'"^^'^^^0- Consequently 

(1.23) (P - Al)-'"" W[p,](P - Al)-'"^ . . . W[p,](P - Al)-'"^ 

= B-oW[,,]B-W[,,]B- . . . W[,,]B-'= + ^T(B, W[,,], . . . , W[,,], R(,)) 

is a smooth family of weakly polyhomogeneous ^/'dos with differential form degree d. 
The vertical operator coefficient of T(B, W[pj], . . . , W^p^], Ri^j-j){z) is in OF{Sz °°' ) 

while by Theorem (1.12) of [GSlj the expansion of the terms of local vertical symbol 
of T(B, W[pj], . . . , W[p^], R(j)) are expansions in integer powers A = fi^. By Theorem 
(2.1) of [^H the kernel 

i^T(B,W[,^j,...,W[,^j,R(,)) e r(M X, M, 7r*(Ar*5) ® (^ ® |A,|i/2) ® (^* ® |A.r/')) 

has an expansion as A — i> oo in Fg 

(1.24) ir:r(B,w,,,i,...,W[,^i,R(,,)(;^,a;,x,A) ~ 5^C,,.(z,x)(-A)-^--(-+'^)-'^ , 

o->0 

with Cj-^ e r(M, {7f*{AT*B) ® | A^ |) O End (g)) a nd highest power (-A)-^-'"-^ 

On the other hand, with the assumption p.2ip . in a local trivialization let cr(A) 
denote the local vertical symbol of the ^/'do family in T{B, "^{S)) coefficient to A G 
A'^iB,'^{£)), we have 

(t((P - fiT""')z e S;''"^'° n 5°'-"'"^- . 

Hence with q = o-(( P - A l)''"" W[p,](P - Al)-™! . . . W[p^](P - Al)-™*), (IT^ and the 
symbol calculus of |GSlj imply that 

Q ^ c-Wk-r(rn+k),0 p, cw,,~r\m+k) 

with an expansion 

g(z, X, ^, yu) ~ ^ g^^_^(m+fc)-j(2:, a;, ^, /i) 
i>o 

where g^,_,(^+fc)_j- G 5^''-J'(™+'=)^ From PtT| Thm (1.12), a symbol p G S^^^ has 
a Taylor expansion as // — ;► cxd 

J 

p(x,e,/.) = 5^p(^n^,0/-'' + 0((1 + K|2)('=+-^)/2) /-^) 

i=o 



Optimally, the proof here can be given for the vertical analogues of those symbol spaces on a 
fibration of manifolds tt : M ~f B, but since a full presentation of that generalized calculus is quite 
long we content ourselves here with a pointwise argument. 
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withp^-') G S^+^. Consequently, locally since the kernel of B™oW[p,]B™^W[p,]B™2 . . . \N[.^^]B""^ 
restricted to the diagonal is 

^OP(g) (z, X, X, fx) = —-— / q{z, X, ^, fi)d^ ® uj[d] (z) ® v, 

where Vz is a local volume form on Uz C M^ and cuj^] the local coefficient d-iorra on 
the base 5, and /i = A^^^ relative to Rg, then by splitting the integral into three 
summands for |,^| > |yu|, |,^| < 1 and 1 < |.C| < \fi\ we obtain by the proof of |GSlj 
Theorem (2.1) a kernel expansion 

(1-25) -ft'B'"OW[j,^jB™i...W[p^]B'"fc {z, X, X, /i) 

~5^5,(^,a:)(-A)^'^^^-('"+'=) + 5^(5;(z,a;)logA + i?;'(z,x))(-A)-'-(-+^), 

j>0 l>0 

where Bj, B[, B'i e T{ M,{n* {AT*B) O | A^ |) ® End(f )). 

From dOIl, (UlSni), (T^ and (fT^ we obtain the expansion (fTT^ . from which 
the remaining statements are immediate consequences. D 

Remark. 

[1] With obvious modifications to the powers of A, for an auxiliary A G A{B, ^E'(^)) 
the resolvent supertrace expansion ()l.lfi|l extends to 

(1.26) Str(9™-i(A(F-AI)-^) . 

Further, generalizations yield expansions for families of pseudodifferential operators 
with powers of log|^| in the homogeneous terms of the vertical symbol, which is 
essential, for example, for zeta determinant form formulae and higher multiplicative 
anomalies. 

It is important to see how the asymptotic expansions transform with respect to 
the rescaling by t > of iBHy] 



6t : AiB, 7i,{S)) ^ A{B, 7r,(^)), 6tUJ[^ = r'l^ 



bt induces an automorphism of AiB^'^iE)) given by 5i(A) = (5( ■ A ■ 5^"^. Let F G 
AiB^ ^(^)) satisfying the assumptions of Theorem 11.31 and define 

(1.27) Ft = Mt(F). 

Then 

Str(9r(Fi - Al)-i ) = 5i(Str(ar(tF - Wy^ )) = t-^'Ht{^iY{d^{V - ArM)-^ )) , 

and from ()1.16|) . since the coefficients are in A^{B\ we obtain 

dimB / 

Str(ar HF, - Al)-M - E E «..K^lM)''^^^-^™+'^ t^ 

d=0 \i>0, \d,k\ 



^k+^-i _(^^i.\ . J-"'fc-" 4,fc_i_ 



l>0, [d,q] 
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while in the case Vi G N, then ()1.17|) rescales to 

dimB / 

d=o \i>o 

(1-29) +E(/^MiogMt-')+A';j(-A)-'-'"i'-^-n . 

2. Zeta Forms and Zeta Determinant Forms 

Let F G ^(-B, ^(^)) be a smooth family of elliptic ipdos of constant order (r > 
0,fi,f2, . . . ifdimfi) with parameter A G Fg. Then, with P = F[o], for A G -Re suffi- 
ciently large P — Al is a form degree zero family of invertible ■j/'dos of positive order 
r. If P — Al, and hence F — Al, is invertible for all A in the spectral cut Rq = Rg\{0} 
then the angle 6 is called an Agmon angle for F 

We assume for the moment that 

(2.1) Vk = OTd{Fik]) < r, k = 1,. . . ,dimB . 

With ()2.Hl and using the expansion ()1.19|) we obtain an operator norm estimate in 
A{B) as A ^ oo in Tg 

(2.2) ll(F-AI)-i||2/^ = 0(|A|-i), 
where for / G M 

(2.3) \\.\\%^:A{M,nS))^A{B) 

is the vertical operator Sobolev norm associated to the vertical metric 

{2A) \.\m/b:A{B,71,{S))^A{B), \n*{a) ®^ (^v\m/b = a f \i^\^ v\ 

JM/B 

defined independently of the representation of a section as tensor product 

ip®Ti*{a)(S>ve F(M, 7r*(AT*S) ® £ ® | A |^) . 

Pointwise for z G -B the metric ()2.4|) reduces on the fibre V{Mz^£ ® | Am^ |) to the 
canonical metric |'?/'^p = /^^ [^/'^(a^)^. 

On the right side of (lO) ! for a : C ^ A{B) we write a(A) = 0(/(A)) if for each 
/ G N and relatively compact subset U of B, there is a constant C{1, U) such that 
||a(A)||z < C{l,U)f{\), where || . \\i is the C' norm. The proof of (Q follows that 
of the classical result for a single operator jSl IShj using the vertical parametrix B 
in ()1.1H|1 . As for Seeley's analysis of the single operator case jS], it follows if F has 
Agmon angle 6, that for Re(s) > the complex powers can be defined by 

(2.5) F,-^ = 7^ f Xg' {f - X\)-' dX , 



^TTJC 



where A^ is the branch of A '^ defined by A^ '^ = |A| *e '■^^^sW -with 9 — 2n< arg(A) < 
6, and where C is the negatively oriented contour which is the boundary of a sector 

Ag^s = {2; G C I I aTg{z) -6\ <6 or \z\ < p} 
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with S so chosen that Ag ,5 contains no eigenvalues of the operators P^ and p such 
that (F — Al)~^ is defined and holomorphic for < |A| < p + e ioi some e > 0. 

The estimate ()2.2|) shows that F~'^ converges in each vertical Sobolev norm and 
hence defines an operator from A{B,7i^{S)) into A{B,7i^{S)). From ()1.19|) we have 
for Re(s) > 
(2.6) 



k 
pi + ...+Pm=fc 



Each of the summands in ()2.6|) is smooth family of V'dos, of differential form degree 
k, represented locally by a sum of vertical polyhomogeneous symbols 

(2.7) — / A^'b^JA](2;,a;,0oWp,,,,(z,x,0---Wp„,i„(z,x,0ob^JA](2;,a;,0c?A 

with B = OP(^bj[A]) the parametrix for P — Al and Wp- = OP(^^Wp.o-) where 
Wp. 0.(2;, X, ^) is homogeneous in ^ of order z/j — cr and bj[A])(2;, x, S,) homogeneous in 
{iX' ) of degree r-2, i.e. hi\f\]){z,x,ti) = r-*b,[A])(z,x,0 fort > 0, A,rA G Ag. 
The degree of homogeneity of ()2.7|1 is computed by replacing ^ by t^ and A by t^p in 
the integrand of symbol products. In particular, setting mi = . . . = rrij = 0, a = 0, 
we have that the principal symbol has degree z/j^ + . . . + i/,^ — (s + k)r. 

Proceeding in this way, applying the standard methods of [SI IShj and the remark 
following Proposition 11.21 we obtain the following fact. 

Lemma 2.1. The vertical complex power defined for Iie{s) > by ()2.5|) (and gener- 
ally without assumption ()2.1|) /orRe(s) >> 0, see below,) is a smooth family ofipdos 
of mixed differential form degree F~'^ G A{B,'^{£)) such that if i[X] ~ Xlj ^ [A]j is 
a local vertical polyhomogeneous symbol representing (F— A/)^^, then f^"'^ ~ J^j^ij 
represents F""*, where 



f-;(z,a;,0 = ^^Arf[AL(z,x,OrfA 



The zeta form for F can now be constructed as follows. Since ()2.2|1 implies for 
Re(s) > the operator norm estimate in A{B) 

as A — * 00 along C, we can integrate by parts in ()2.5p to obtain 

(2.8) F-" = — ^- -.— [ X""-' dT(F - X\)-' dX . 

^ ' is-l)...is-m) 27rJc ^ ^ ' 

Since 

dimS 

^^(F-AI)-^ = Yl (-l)''5^"((P-AI)-^)W9;:^^((P-AI)-^)...W97^-((P-AI)-^)c/A 



fc=0 
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and 9™'(P - Al)-^ G A{B, ^-'■"^»-^(£)), then by taking m > A^ for sufficiently large 
N we may ensure an estimate ||95['(F — Al)~^||](j,^ = 0(|A|~^) without assuming 

f)2.1|) . For the general case, we hence define F"** for Re(s) > m > A^ by ()2.8|) . 

Moreover, ()2.8p and Theorem 11.31 equation ()1.14p . show for Re(s) > ^^^^^ that 
F^'* G A{B,'$^~"'{S)) is a smooth family of trace class ^/'dos with kernel K{F^^) 
continuous over the diagonal M C M x^^ M. In that half-plane F therefore has a 
super-zeta form 

(2.9) 0(F,s) := Str(F,-^) = f Str(ir(F,-^)(x,x)) G AiB) . 

From ()2.8|) for Re(s) > m > {w + n)/r we have 

(2- W) C.(F. .) = ^-^^A__.^ 1^ ,™-. St. (ar(F - Al)-') <iA . 

We can use (I2.1()j) to write down the singularity structure of the meromorphic con- 
tinuation of the zeta form to all s G C To do so requires the assumption that 
P = F[o] is smooth family of ^dos such that Ker(P2) has constant kernel dimen- 
sion. Consequently the meromorphically continued zeta form C0(F, s)|™'^'^ is only 
defined for families of ^/'dos with Agmon angle in A{B, "^{S)) modulo the regulariz- 
ing subalgebra A{B,'$~°°{S)). This is essentially equivalent to Ce(F, s)|™'^'' being a 
characteristic class map on K-theory, taking values in H*{B). 

Thus we assume that the family of ipdo projections onto the kernels define a 
smooth family of smoothing operators IT G A{B, ^~°°(£)), defining a smooth finite- 
rank superbundle Ker(P) over B. With this assumption, ()1.18|1 implies that at A = 
the resolvent trace form is meromorphic with Laurent expansion 
(2.11) 

Str (9^(F - Al)-^) = ^ {-^) T^ ^• (-A)-^-^-"'Str ((H ■ W ■ lif) + 0(|Ar) . 

fc=0 

The asymptotic expansion p.l6|) as A — > cxd in Fg along with the expansion 
(12.111) at A = now imply by a standard transition argument, for example |GS2j 
Proposition (2.9), that (^6i(F, s) extends meromorphically to C with the singularity 
structure 



(2.12) -^Xeiy,s) 

Sm TTS 



dim_B 



^A str((n-w-n)-j'-^) 

^ is- 3 -I) ^ 



'H,ld,k] , V^ ^l,[d,q] , %[d,q] 
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with coefficients a^j^^^jja^ u„i,a; u„i G A'^{B) related to the coefficients of ()1.16|) by 
universal multiplicative constants. Specifically, 

(2.13) ai,[d,fc] = r( \-k)T{ \-k + m) aj^id,k]{m) 

independently of m, with T{s) the Gamma function. In the more general case where 
we allow non-constant order z/^ G r(i?,R) then the factors are replaced by the 
corresponding universal functions. 

If Vi G N, then ()2.14j) takes the simpler form 

(2.14) -^MF,s)r'r^ 

Sm TTS 



i^ str((n-w-n)-j-i) 



+ 




dimS 

E 

d=o \i>o 
with coefficients bj^, hi a,bi^ & A'^{B) related to the Pj^d, A d; A d ^J constants, and 

(2.15) bj^d = r( )r( h m) (3j,d{m) 

The pole structure ()2.12j) can also be computed directly from the meromorphically 
continued symbol representation of F~^ in Lemma f2. II 

Definition 2.2. A family of tpdos Fe ^(5, \I'(£^)) admitting an Agmon angle 9 is 
said to he (-admissible if when l + q—1 G {0, 1, . . . , dim B} then a^ u „i = for d>l 
in ()2.12j) (for d = Q this is guaranteed by the ellipticity of P = F^q]). Similarly, for 
()2.14p this requires bi^ = for / — 1 G {0, 1, . . . , dim 5}. 

This ensures that Cd{f, s)\'^'^^ is holomorphic for s around 0, 1, ... , dim 5. This 
property is needed for the differential ( form, but when F is the curvature of a 
super connect ion is irrelevant at the cohomological level, since in that case the forms 
are all exact. 

The complex powers F^^ defined by ()2.5p for Re(s) > if ()2.H) holds, and in 
general by ()2.8|) for Re(s) > m if it does not, are extended by Seeley's method jSj 
to all s G C by choosing any positive integer A^ with Re(s) + N > m and defining 

(2.16) F-^ = F-^-^F^ G A{B, ^{S)) . 

More precisely, the map s i — > K{f~'^) assigning to F~^ its (distributional) kernel is 
a holomorphic map of {s \ Re(s) > {w+n)/r} into (in a local trivialization) matrices 
of continuous functions. Restricted to any compact subset y of M x M\A(M) the 
map s G C I — > i^(F~*)|v is holomorphic map from C to smooth matrices, while 
along the diagonal s i — > K{f~^){x,x) is a meromorphic function on all of C with 
discrete poles at the points indicated in ()2.12|) . 
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We then define the logarithm of F to be the smooth vertical family of log-polyhomogeneous 
V'dos 

log, F := -5,|,=oF,-^ e AiB, %,^{£)) . 

Thus, omitting the 9 subscript, ^^F"'' = — logFF"'', where for Re(s) > if ()2.1|] 
holds 

log F F-' = — / log A A"" (F - Al)-^ dX , 

and similarly using (j2.8j) for the general case. 

Here A{B,'^iog{£)) is the extension of A{B,'^{S)) to operators represented by 
vertical log-polyhomogeneous symbols. This means that with respect to local co- 
ordinates on £, an operator T G A{B, \E'iog(£^)) is represented by a vertical symbol 

t e r ( (t/M x^ Um) X M"\{0}, tt*{AT*Ub) ® M^ X (M^)*) of the form 

1 

(2.17) t(z,a;,0~ J]J]t_,,,(z,a;,01og^lel , 

j>0 p=0 

with t_j^p(z,x,^) a vertical homogeneous symbol. 

It is readily verified that log, F is log-polyhomogeneous locally represented by the 
vertical log-polyhomogeneous symbol log f ~ J2j>o l^Sj f with 

logf(x,0 = TT ^ogXh[X]j{z,x,OdX 
^TT Jc 

and (9sf~* = (logf) o f"** and furthermore (logF)[o] = log P. 

Definition 2.3. For (-admissible F G ^(-B,^(£^)) with Agmon angle 6, the zeta- 
determinant form det^ 51 F G A{B) is defined by 

(2.18) logdet^^eF eA{B) = -9,|^=^^ Str(/^^) = Str(logF. r')\'^:i . 

Lemma fO. 31 is an immediate corollary of the following. 
Lemma 2.4. One has ({F, s)[o] = CiP^ s)- 
To see this, notice from (jTH)) and ()1.18j) that for Re(s) >> 

dimB ^ . „ 

F-'-p-'+E (,-i)...(,_,„) ^^X^"-g"((p-^"-'(w(p-Air-)-)dA. 

and hence that for m > {w + n)/r 

dim B ^ r 

S (. - 1) . . . (. - ,ny i L '""' '*^ <'"' " ' '""''''' ' '"">' '^ '"'"" ■ 

The second term on the right is meromorphic on C, and holomorphic at zero, and 
of non-zero form degree, since W G A^^{B^ ^(£^)), with the pole structure of ()2.12j] 
but with d>l. 

Replacing F by F( = t(5i(F) in (J2.12J) . we can use ()1.28j) to write down the t- 
rescaled singularity structure. This means that the rescaled left side of fl2.12|) minus 
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N — wp.—n, d 

the rescaled sums on the right-side for j < N terms is 0{t ? ^2). Taking the 
s derivative and evaluating at s = 0, this imphes the following. 

Proposition 2.5. There is an asymptotic expansion as t — > 0+ in A{B) 
(2.19) 

dimB 

logdet^Ft- 2^ 2^ 9,[rf,fc]t r +*» i 2 + 2^ (c;^^g]logt + qjrf_g])t' 2 , 

^^=0 i>0, [d,fc] Z>0, [d,g] 

where the degree d differential forms Cj^[d,k]-,Ci UqI ^^^ determined locally, while c^ r^ , 
are globally determined. 

In the case where eigenvalues of the principal symbol po G T{T{M/B)\{0},p*{Eiad{S))) 
of P lie pointwise for {x,C,) € T{M/B)\{0} in a subsector of the right-half plane, 
then, the zeta form and zeta determinant form can be equivalently formulated by a 
vertical heat trace form 

(2.20) Str(e-^) = — / e~^Str(a;:^(F - Al)-^) d\ . 

^T^ Jc 

where m > {w + n)/r and C is a contour coming in on a ray with argument in 
(0, vr/2), encircling the origin, and leaving on a ray with argument in (— 7r/2, 0). We 
hence obtain an asymptotic expansion, which for brevity we state only for the case 
Vi e N, that as t — > 0+ 



(2.21) Str(e-*)~ E E ^.'-^^"^^'"^ + E(^Mlog^ + Q ^"^ 

d=0 \j>0 l>0 

with bj^d,big,bi^^ E A'^{B) related to those in the expansion ()2.14|1 by 

h" 



(2.22) 6,,, = T{^-^^-^)-%d , &;,. = T{i)-\, , &;;, = ni)-%, . 



3. HoMOTOPY Properties 

A superconnection [Ql IB J IBCtVJ on tt^{£) adapted to a smooth family of formally 

" P^l 

G A^{B, "^^{S)) of order r > is a classical 



self-adjoint elliptic V'dos P 







V^do A on A{B, 7r^{£)) = T{M, 7i*{AT*B) ® ^ ® | A^ 1^/^) ^f odd-parity with respect 
to the Z2-grading, such that 

(3.1) A(cj^) = rfcj?/^ + (-l)l'^lcjA(V^) , 

for uj G A{B) and ip G A{B, 7i^{S)), and such that A[o] = P , where A = J2i^ -^W 
and A[j] : A'^{B, 7r^,(£^)) —>■ A'^~^^{B, 7r^,(£^)) is the component which raises form degree 
by i. It follows from ()3.1|) that A[i] is a connection in the classical (ungraded) sense, 
while each remaining term is a smooth family of ■i/'dos A[j] G A^{B, "^{S)) if i 7^ 1. In 
a local weak trivialization A{U,Tc^{£)p) = A{U) (g) T{Mzg,£^°) for zo E U, A takes 
the local coordinate form A^jj = du + Y^j Pidzj, where dzj = dzi^ . . . dzi^ and P/ a 
classical -^do on T{Mzo,S^°). 
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The curvature of A is the smooth family of ipdos with differential form coefficients 
A2 e A{B, 7i,{S)). Since A|] = P^ = p-p+ © P+P" g A%B, 7r,{S)) we have that A^ 
is elliptic with Agmon angle vr. 

Proposition 3.1. Let m G N with m > ^^^^^ with w = X]i0^d((A^)[j]). Then for 
A G r^ the resolvent trace form Str(c}™~^(A^ — A/)^^) G A{B) is a closed differential 
form and a homotopy invariant of the superconnection A. 

Proof. Let A^- be a 1-parameter family of superconnections on tt^{£) adapted to P. 
Then using the identity 

(3.2) {Al-\\)-'A,=A,{Al-\\)-' 

we have formally 

d^StT{dl^-\Al-X\)-') = Str(9r'5a(A^-AI)-^) 



-str (d';'-' ((A^ - Ai)-i(A,A, + a^k)-\aI - \\y 



-Str 



'^0-7 "-^A 



dT-\{Al-\\)-'KiAl-\\)-']) 



(3.3) = -dStr^S;:^-^ ((A^ -AI)-^A,(A2 -Al)-i 

(3.4) = -rfStr(A.ar((A2-AI)-i)) , 

where each step is easily justified rigourously using the kernel i^((9™^^(A^ — Al)^^), 
which depends smoothly on a. The equahty ()3.3p follows by essentially the same 
argument as that in |BGVj Lemma (9.15), using a parametrix for P = A[o] to see the 
supertrace vanishes on the supercommutators of vertical ■i/'dos that arise in ()3.3p . 
(Generally, if R G ^(5, \l/(£^)) has sufficiently negative ^/'do order, then one has 
(iStr(R) = Str([A, R]), but in ()3.3|1 no such subtleties enter.) Since the variation of 
the resolvent trace form is exact, this proves the homotopy invariance. 
Similarly, we obtain 

(3.5) d Str(9^-^(A2 - Al)-^) = Str([A, ^^-^(A^ - Al)"^)] 

which, since the resolvent form has even parity, vanishes by ()3.2|1 . proving closure. 

D 

From here on we restrict our attention to the scaled superconnection At : = 
t^^^6t{A) with curvature F^ := A^ = t6t{A'^) G A{B, ^(^)). 

The small time asymptotics ()1.28|) of the resolvent trace form for the supercon- 
nection curvature and equation ()3.5|) now yield the next result, given in terms of the 
corresponding coefficient forms in the zeta-form singularity structure ()2.12|) . 

Proposition 3.2. For 

. , rd 

JT'r + — + Wk-k + n 

the C°° differential forms aj^\^d,k] o'^e exact, for 
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the forms a^ r^ i , a^ ,^ , are exact. The forms 



(3-6) a^+i^+^j^_fc+„,[d,fc] ' 


"l+f-g,[d,g] ' 


"l+|-g,[d,9] ' 


are closed in A{B). 






Similarly, if Uk ^ f^; if 







vd 

j ^ r + — + w + n 

the C°° differential forms bj^d (11"^ exact, for 

1^1 + ^ 

the forms hi ^, hi ^ are exact. The forms 

(3-7) fe,,+ «i+^+„,rf , ^i+f,d ' ^i+f,rf ' 

are closed in A{B). 

For the large time asymptotics we assume that P = F[o] satisfies the constant 
kernel dimension condition, so that we have the finite-rank superbundle Ker(P) 
over B with the induced connection Vq = Hq ■ A[i] • Ho (in the usual sense), as in 
Theorem lO.H and so we have the corresponding classical resolvent trace form 

Str {{Vl - XI)-') e A{B) . 

Proposition 3.3. The following limit holds 

(3.8) lim Str (^^(Fi - \l)-') = S^Str ((Vg - \I)-') 

in each C' norm on compact subsets of B. For t > one has in A{B) 
(3.9) 

9;:^Str ((Vg - A/)-i) = Str {d^{Ft - XI)-') -d f Str TA, 9^ ((A^ - XI)-')) ds . 
Proof. We follow the method of |B(tVJ . Corollary 9.32. to see that 

(3.1U) {\-t-X\) - ^ Q oJ + [o(t-i/2) 0{t-') 

as t — > oo, and hence that for m > {w + n)/r in each C' norm the kernel estimate 

\\K{dT{ft - x\)-') - K{dT{vl - xi)-')h < Qt-'/' 

holds uniformly on compact subsets of M x^ M, from which ()3.8|) follows. By 
integrating ()3.4p we have for < t < T < cxd 

(3.11) 

Str{d';^-'ifT-X\)-')-StT{d^-\Ft-X\)-') = -d f Sti(ksd^{{Al-X\)-')) ds . 

On the other hand, the estimate ()3.10|) implies that 

(3.12) ||Str(A,9r((A^ - X\)-'))\\i = 0{t-'/') 

as t — s> oo in each C' norm on compact subsets of B, and so with ()3.8|1 the identity 
(HH) follows. D 
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Corollary 3.4. The following cohomology identity holds. For m > {w + n)/r in 
H*{B) 

(3.13) S^Str ((V^ - \iy^) = LIMi^oStr (^^(F, - XI)-') 



dim_B 



(3.14) = Y, («^,+„-.fc+r+f ,[d,fc] + «i-fc+|,[d,fc] log(^) + «i-fc+f ,Kfc]) (-^) 



-1-f-m 



d,k=0 



where ()3.14|1 follows from ()1.28|1 . anc?, ai i/ie level of differential forms, the coeffi- 
cients are closed, differing from the forms in ()3.6p by constants. 

Notice that ()2.20p and ()3.9|) prove the Chern character transgression formula of 
[B1 IBGVj . Indeed, the above formulas are the governing transgression formulas for 
all characteristic class forms on 7i^{£). 

4. Zeta Forms and the Family Index Theorem 
This Section consists of the proof of Theorem 10.11 Throughout 
(4.1) At := t'/^6t{A) , ft := A? = t6t{A^) . 

Evidently A = Ai, F = Fi. 
Proposition 4.1. The zeta form C(A^, s)|™^'' is canonically exact. One has in A{B) 

/oo 
aK-F^,s)nda. 

Proof. For simplicity we assume ()2.H) holds, the modifications for the general case 
are obvious. 

For Re(s) > we then have 

Fr = ^/Ar(F-AI)-^dA. 
^^ Jc 

It follows that on Ker(P) 



'^|Kcr(P) — ^ 



For, from (fTTT^ 



dimB 



(4.3) (F - Al)p^^^^(p) = -Yl ^""' (no ■ W ■ UoY , 

4 = 

and ^ f^ Xg"^-^-' dX = ioT i > and Re(s) > 0. Hence we have 

(4.4) Str(FpK'^^^(p)) = , Re(s) > . 
On the other hand, ()3.10p gives 

Str ((Fr - X\)-l^^^^^) = 0{T-') as T ^ oo . 
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Consequently from ()3.11|) 

(4.5) StT{d-^-\F-X\)-l^^^^,) = d II^StT{^KdT{{Al-X\r')) da. 

From (jO|l . (P?H|l and (jTTTH) we find for Re(s) > m > {w + n)/r 

-' (f (. - 1) . .'. ^s-m) -hL ^"^'^ ^'^ (^- "-"^(^- - ^')") ^^^-) 

/oo 

Hence in AiS) 

/oo 
C(A^.F,,s)rf(T = , Re(s) > («; + n)/r . 

Elsewhere in C, from ()4.3|) and jCilSlj Proposition (2.9), we see that r(s)Str(F|^*g .pj 
has no poles. (Less strong, but more general, and sufficient, the zeta form for any 
family of finite rank operators extends without poles.) Hence Str(FJ^*g^,p^)|™'''' is a 
holomorphic extension of zero to all of C, and consequently 

(4-7) Str(Fp^^^^(P))|- = 0. 

Likewise 

/oo /"OO 

C(A^.F^,s)rf(T )r' = d{\ C,(K,.V^,s)r'da ) , 

since from ()3.4|1 and ()2.12j) both sides of ()4.8j) have the same pole structure. Hence 
we find that Ce(F, s)!™""^ — d j\^ ({A^j.F^, s)|™'^'' da is holomorphic on C and so from 
()4.6|) it is identically zero. D 

Evidently, then, (jO.lOj) now follows with 

k=0 ' \ k=0 ' "^1 

For clarity, and as it applies to the case of the Bismut connection which is the 
superconnection of primary geometric interest, we restrict our formulas from here 
on to the case 

(4.10) z/, =ord(F[i])GN. 

The case for any real z/j is the same but with more indices to track. 

From ()1.17|) the t-rescaled singularity structure equation ()2.14|) is 

(4.11) -^Xe{ft,s)nr. 



-1 



Str((H-Wi-H)-J-i^ 



Eon yyii ■ vvi ■ ii; - ; 
j=— dirni?— 1 
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dims / , ," 






=0 \i>0 \^ ^ r ^I l>0 ^ ' 

where 

(4.12) Wi=t,5i(W) = F,-tp2. 

For s in small neighborhood of —k there is a Laurent expansion 

sin f-TrQ^l , 



t-^-2 



and hence from ()4.11|) 
(4.13) 



dirni? 

k- 



[-ifU^u -kT"' = -str ((n ■ w ■ n)'=) + J2 {bn+^+r+rk^ + Ci,d) t 

the other hand, (j2 
except possibly when 



\-"ii-l-uj-i-'r-i-rK,u I "K+Lfai ~ 
d=0 

On the other hand, ()3.7|) of Proposition 13 . 21 savs that the forms hn+w+r+rk,d are exact 



rd 

n + w + r + rk = r-\ V w + n . 



That is, when d = 2k. Like wise for the bf,^^ ^, and so ()4.13|1 can be written 



C(F„ -k)n = -(-l)'Str ((n ■ W, ■ n)'^) + 6„+.+.+.,,2. + Ci,2fc + dii, 



<,r,k 1 



where ■Jn^rk ^ -^i^) such that d'jl^ wrk^^ ^^^ ^^^ ^^ exact forms in ()4.13j) minus 
the two closed forms above. Hence 

dim B ^ dim B , ^ x A: 

Ei:yC.(F.,-fc)r= - $: ^ str ((n . w, . n)'^) 



k\ "'^^ " ^' ^ k\ 

k=0 k=0 



dimB ^ dim_B ^ 

+ 2^ ry {bn+w+r+rk,2k + &A;+l,2fc) + '^ /_^ ^^ 1n,w,r,k 

fc=o ■ fc=0 



which since Str ((H ■ Wj ■ n)'=) G ^>°(5) for A; > 
= - Str (e-(nAA/.-n)'= j 



aim is _. aim is ^ 

(4-14) + XI ^ (6„+^+r.+rfc,2fc + fc'fc+l,2fc) + ^ XI ^ 7n,«;,r,fc • 

fc=o ■ fe=0 

Now from ()4.13p we have LIMt_^o c^T^ wrk — ^- O^ the other hand, the t-independent 
component of Wt is the 2-form piece which is the curvature form A^,. Hence we 
find LIMi^o Str ((H ■ Wj ■ H)'=) = Str (Vg'=) , with Vq = H ■ A[i] ■ H the induced 
connection on the superbundle Ker(P). Consequently, since ()2.2H) and ()2.22|) give 

dim B -. 

LIMt^O Str(e *) = 2_^ ~n {bn+w+r+rk,2k + &fc+l,2fc) 5 
k=0 
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taking the regularized limit as t ^ 0+ of ()4.14|) we find 

dimB ^ 

(4.15) LIM.^o Yl ^ ^-C"*' -^)l"'" = -ch(Ker(P), Vq) + LIM^^o cli(A,) . 

fc=0 

Since, from ()4.9|1 . the left-side of ()4.15p is equal to 

Str(A. 5^^ F;T=-fc) da 

fc=0 

/oo 
Str(A^e"'''') c/a 

this completes the proof of Theorem 10.11 

5. Zeta-Chern Forms 

In this Section we prove Theorem IU.41 

Definition 5.1. Let A be a superconnection on 71^,(8) adapted to a family of formally 
self-adjoint (-admissible ipdos P G T{B,'^^^^{S)) of odd-parity. The zeta Chern 
form of A is the differential form of mixed order on B defined by the super zeta 
determinant form 

(5.1) c^(A) = sdet^,^(/+ A^) G A{B) . 

Here I G ^°(-B, \l/°(£^)) is the vertical identity operator and A^ G A{B.,^!{S)) the 
superconnection curvature. 

Thus, with F = A^ we have 

(5.2) -logc^(A) = 9,Str ((I + F^)-) |-- = Str (log(l + F) (I + F)-^) |-- . 

Notice that since 

(5.3) (| + F)[0] = I + P2 

then I + F G A{B,'^^'^^{£)) is elliptic and invertible with Agmon angle 6 = ir. 
Further, since 

sdet^,^(l + p2) = 1 , 

then by Lemma HOI we have logc^(A)[o] = and hence 

(5.4) cc(A)[o] = 1 . 

To write down the singularity structure of the zeta-form ^^^(l + F, s) it is convenient 
to use the function introduced in |GS2j defined for Re(— t) < Re(s) < by 

(5.5) Ft{s) = ^ [ fi-'-\l - fi)-' dfi 



'^T^JC 



with C a contour around R-j^. Ft{s) extends meromorphically to all of C and satisfies 

r{s + t) 



(5.6) Ft{s) 



r(t)r(s + i)- 
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Since 

Str {dr\{\ + F) - Al)-i) = Str (9r'(F + (1 - X)\)-') 
we have from ()1.17|1 an asymptotic expansion of the resolvent trace as A ^ oo in A^r 

dimB /N-1 

str(ar^(F - (1 - A) 0- ) = E Y.(-^y-^^u^ - ^)^^"'" 

d=0 \i=0 

Af-1 

+ E(-i)"'(A',.iog(i - A) + /3;;,)(i - A)-'-" 

1=0 

ui + n-N 

(5.7) +0(|1-A| '■ ). 
Hence in A{B) 

dimB /N-1 

Str((l + F)-)r- = 5^ $^(-l)"^&,,.F,.^(.-l)r- 

d=o \ j=0 

N-l N-l 

+ E(-1)"'^M dsFiis - 1)1- + 5^ bl Fi{s - IT 

1=0 1=0 

(5.8) + h^is) , 
where /lAr(s) G .4.(-B) is holomorphic for 

(5.9) 1 - f ^ ~ "" ~ "^ ^ < Re(5) < A^ + 1 , 



Proposition 5.2. The differential form c^(A) zs closed. 
Proof. For Re(s) >> we have 

Str (log(l + F) (I + F)-) = ^——±-^-—^^1- ^ log A A"^-^ Str(9r '(F+(1-A)l)-^) dX 

and hence from Proposition 13.11 

(5.10) rf Str (log(l + F) (I + F)-^) = , Re(s) » . 

Elsewhere from fl5.8|) 



dimB /N-l 

tn-'rn — j , 



Str(log(l + F)(l + F)-)r- = 5^ 5^(-l)^^"^6,,.9.F,,^(.-l)r- 

d=0 \j=o 

N-l N-l 

+ E(-1)"'^M d!F,{s - 1)1- + J2 bl dsFiis - 1] 

1=0 1=0 

(5.11) + dshr,{s) , 

But from Proposition 13.21 the forms bj^d, bi y j, &; ^ j are all closed. Hence 
(5.12) d Str (log(l + F) (I + F)-^) |— = d dsh^is) . 
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The right-side of ()5.12j) is independent of A^ and holomorphic. By (IS.lUp we obtain 
that d Str (log(l + F) (I + F)~'^) |™'^'' is a holomorphic extension of zero and hence 
vanishes identically on all of C, proving the assertion. D 

The zeta-Chern form c^(A) hence defines a mixed degree cohomology class in 
H*{B). To see this is the Chern class of the index bundle we have the following 
transgression results. 

Proposition 5.3. // Ao- is a l-parameter family of superconnections adapted to 
Pe A°{B,'^{£)) with curvature F„ = Al, then 

(5.13) 9,logc^(A.) = -d C((F, + l)-'K, F. + l,0)r' . 
Here, ({{F^ + f)-'K, F, + /, s)]-- = Str((F. + {)-'-^K)r-\ 
Proof. From ()3.4|1 we have for sufficiently large m 

(5.14) d„ Str(9™-'(F. + (1 - A)l)-i) = -d Str(9r(F. + (1 - XW^K) ■ 
Hence for Re(s) >> we have integrating by parts 

(5.15) 9, Str (log(l + F.) (I + FJ-^) 

= -d (-. -^- -;^ /logAA'"-^Str(9r(F. + (l-A)l)-iA.)rfA 

= -" ((I31^I)^TI3T)i//— *Str(ar'(F„ + (l-A)l)-'A,)dA) 

+ ^^ ( (.-,„)'..(.-l) i^/,'°g^^'"-S'-'g""(F, + (1 - A)l)-A,) <iA) 
= -d C((F„ + l)-'A„, F, + I, s) + s <i S,C((F„ + l)"'A„, F,) + I, s) . 

Since C(('"o- + l)^^Ao-,Fo-) + \,s) is holomorphic around s = 0, as we consider (- 
admissible vertical operators, then evaluating at zero ()5.15p gives 



d, Str (log(l + F.) (I + F,,)-^) |-- = -(d C((F. + l)-^A., F. + I, s] 



Imer 
\s=0 ■ 



Since the singularity expansion ()5.1H) shows that the derivatives can be commuted 
with 1™'^'', this completes the proof. D 

We now restrict attention to the rescaled superconnection and curvature ()4.1|1 . 

Proposition 5.4. Let rt,r(A) = -d /f (((F^ + /)"^^£, F^ + /, 0)\'^'''de with < t < 
T < +00. Then in A{B) one has 

(5.16) ^M = e-.-(^) . 
^ ^ Cc(Ai) 

Equivalently, 

(5.17) c^(Ar) = c^(At) + diOt^ri^) , 
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where 



(5.18) Ut^K) = c^(A,) A 5^^n,r(A) A (rfr,,r(A))'=-i . 

fc>i 

If P E ^°(i?,^(£^)) /ifls constant kernel dimension, then the limit lim.T-^oo^t,T{^), 
denoted Ut^ooi^) exists in all C^-norms on compact subsets of B, and one has 

(5.19) c(Ker(P), Vq) = c^(AO + d cot,ooi^) . 

with notation as in Theorem \0.4\ 

Proof. From ()5.4j) the quotient on the left-side of ()5.1fij) is well-defined in A{B). The 
identity is immediate from integrating ()5.1H|1 and exponentiating both sides. Since 
c^(At) is closed, ()5.17|) is immediate. 
By Proposition 13.31 and ()5.11|) we find 



limcc(Ar) = 7 r^- -^ f logXX"'-' \imStrid^-\FT+il-X)\)-'dXC:i 

^^oo ^' (s -m) ... (S - 1)277 Jf. T^oo 

/logAStr((Vg+(l-A)l)-^ dX = log sdet(/ + V^)) . 
Jc 



r->oo 

2^ 



Since (HEl) implies the (-form C estimate ||C((Fe + Q-^Ae, F^ + l, O)]"^^!/ < c{l)t-^/^ 
we obtain the existence of the limit liniT^oo Tt,T(A) and hence the limit liniT^oo ^t,T 

D 

We turn next to the proof of the local index density formula ()().19j) . 

We suppose that the fibre bundle vr : M — > B has even-dimensional fibre and 
that it is endowed with a connection 

(5.20) TM = n*{TB) © T{M/B) , 

defined by a choice of bundle projection P : TM — ^ T{M/B). Suppose also that TM 
has a spin structure and that there are Riemannian metrics gM/BiQB on T{M/B) 
and TB. The vertical bundle S is assumed to be a bundle of Clifford modules 
equipped with a connection which restricts to a Clifford connection on S\m2- Let 
D be the associated family of compatible Dirac operators, let V^*^^-* be the canon- 
ical Hermitian connection induced on 7r^,(£^) [B', [ BGVj Proposition(9.13), and let 
c(T) G A'^{B,End{7c^,{S))) denote Clifford multiplication by the torsion tensor of 
the fibration associated to the connection ()5.2U|) . For t > the scaled Bismut 
super connect ion on 7r*(£^) is then defined by |B | IBGVJ 

(5.21) At = t'/^D + V"*(^) + ^ c(T) . 

Its crucial property iBHyj Proposition (10.28) is that with Ft = A^ e A^iB, ^(^)), 
in a small enough neighborhood ?7 of xq € M as the origin of local geodesic coordi- 
nates X = (xi, . . . , Xn) along the fibres, the limit limt^o Str(e~'^*) exists and is equal 
to the heat kernel trace Str(e~'^'')|x=o; where x G T^M has norm ||x||g less than the 
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injectivity radius of M, so that x = exp^^ x, of the locahzed operator 



2 



E(^^-iE(^"'"^^'^>.) +^'''- 



Equivalently 

(5.22) ^hm Str (^^-'(Fi - W)-') = Stiid^-\L^ - \\);J)\^=o. 

This is demonstrated via Getzler rescahng of the time, fibre and vertical Chfford 
variables. Let 



-?(^'/«) - ^-"^ (sS^) 



be the vertical A-genus form for the connection V^^^^ = P ■ V^'^ ■ P, with V*''^ 
the Levi-Civita connection defined by the metric Qm/b © '^*{gB), and let ch (S) = 
StTs/s{e^^' ) be the relative Chern character of S and the spin bundle S on M. 

Proposition 5.5. With Ft the Bismut superconnection curvature, the differential 
form has a limit as t — >■ given by the formula 

(5.23) limStT{d^'-\Ft-XI)-^) 

[dimS/2] / r \ 

= (m-l)! V (-A)-i-^-'"A;! ((27r)"t / A{M/B)ch' {S)] 

i.-a V Jm/B J ,01.] 



Proof. Since the component terms {Ft)[i] G -^*(-B, ^(^)), i = 0, ...,4, are smooth 
families of differential operators, with (Fi)[o] = tD so that r = 2, it follows from 
|(tS1j that there are no log terms in the resolvent supertrace and that all the coeffi- 
cients are local, determined by only finitely many terms of the vertical symbol.; that 
is, Pi^ = 0, Pi^ = in p.29|) . so that as t — > 0+ there is an asymptotic expansion 



dimB 

w+n-j ^ j-w-n ^ 



(5.24) Str(9r^(F. - Al)-^) ~ Y. Y.(^^^^^-^)"^~^ ^ ' 

(1=0 j>0 

On the other hand, it follows from ()5.22j) that 

(5.25) limStr(9™-^(Ft-AI)-^) 



t >Q 

dimB 



fc=0 V * ^ * ^ / 

with cij(i?*^/-^, i?^/"^)(x) G A''-'^{B) a form of mixed degree 2 or greater which is 
0(1) in X, and hence that the resolvent supertrace has a limit as t — > 0. 
Consequently, the expansion ()5.24|1 begins with the t" term, that is when 

j — n — w d 

(5.26) ^^.l + _. 
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and since from ()5.25|) the form degree is always even d = 2k, then as t — * 0+ 

[dim B/2] 

(5.27) StT{d^-\ft-X\)-')= Yl /^n+«,+2+2fc,2;iM(-A)-i-^-'" + 0(ti/2) _ 

A;=0 

We hence obtain from ()4.1ip 

(5.28) _^^,(F„,)r- = 

sm(7rs) 

where G^i/2(s) = 0(t^/^) and is meromorphic on C with no poles at the negative 
integers, and according to ()2.15|) and ()2.22|) 

(5.29) Pn+w+2+2k,2k['ITT] = {m — 1)\ bn+w+2+2k,2k = {m — 1)\ k\ bn+w+2+2k,2k ■ 

Since &„+,u+2+2A:,2fc = Str(e~'^*)[2A;] the result can now be deduced by direct appeal to 
the Bismut Local Family Index Theorem formula jBG Vj . Theorem(10.23), but let 
us rather outline how one can deduce this from the local resolvent symbols. 



The following computation is part of joint work with Don Zagier |SZj . 

For brevity we will consider the case where S is trivial with zero curvature; the 
general case follows easily from this one. Then from the local formula ()5.22|1 it is 
sufficient to compute bn+w+2+2k,2k for the local operator 

2 



(5.30) H = -J2(^^-\ 



4 ^^ ^^ 

since the vertical skew-adjoint matrix of 2- forms {R^^'^di,dj) can be written with 
respect to a particu 

of 2-forms 



-rj 
r, 



ar vertical orthonormal basis as the direct sum of 2 x 2 blocks 
along the fibres. By definition one then has 



(5.31) hn+w+2+2k,2k = jT^-^ I TT e ^ (i2k{x,^,\) dXd^ 

(27r)" Jm/b Jm" 27r J^o 

where qj(x, ^, A) are 2j-forms which are the ^-homogeneous terms of the symbol 
of the resolvent operator {H — XI)~^ and Cq is a contour coming in on a ray with 
argument in (0,71/2), encircling the origin, and leaving on a ray with argument 
in (— 7r/2,0). From ()5.30j) . the product formula for symbols implies that the q^ are 
determined by the following recurrence relation: let A = X]fc=i "^x^.' ^^^ set q_i = 0, 
qo=(|ep-AJ)-i,then 

(5.32) q^+i = qo (A - aj) q^-i - qo Oi Vj (j > 0) . 
where with ^ = (^i,...,6n) 

n/2 1 "/^ . 2 

ai(x, = « XI (^) ^^2i-l 6i - X2i 6i-l) , «2(X, = - ^ XI (~i) (^i-l + ^2i) • 

i=i i=i 
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It is convenient to write q^ explicitly as a polynomial in T = (|^p — A/)~^ 
(5.33) q,(T)= Yl ^,,'^T>^'"'^\ 

IJ.+2u=j 

where the polynomials q^^^, are now given recursively by 

(5-34) q,.= I J^ , ii^ = u = 0, 

'^' t -cti (l^,^l,Iy + (A - as) q^^,,u-i otherwise, 

with the convention that q,,,,^, is to be interpreted as if either index is negative. 
Then it is shown in |SZj that ()5.34p implies 

where ?^2j-i = ~'f'2j = i'^j- It follows that 

n/2 



V / 7^ / e-^q2,(x,e,A)rfArfe 

/• ^ Cl,A^.^A) J_ I A (|^|2 _ ^)-l ^^ ^^ 



f~. — v^ 

-lf|2 
e I? 



•^ 27r"/2l(Af/5). 
This holds for all x and in particular at x = 0. Hence 

(5.36) bn+^+2+2k,2k = k\ f (27r)-t /" A{M/B)\ . 

\ Jm/B J [2fc] 

Equations (jKTfjl . (jESHI), (fO^ thus combine to prove (jESSI)- □ 

Corollary 5.6. With Ft the Bismut superconnection curvature, the resolvent trace 
differential form log c^(At) has a limit in A{B) as t ^ given by the formula 

[dimB/2] / /• \ 

(5.37) limlogc^(Ai) = V (-1)'=(A; - 1)! ( (27r)-t / A{M/B)ch\S)] 

Proof. We have 

[dim B/2] 

StT{d^-\{\ + ft)-X\r') ~ 5^ (-l)-^-^/5„+^+2+2fe,2fc(l-A)-l 

fc=0 
[dim B/2] 

(5.38) + 5^ $^/5,,2fc(l-A)-i-i-'^-t^ 

fc=o i>i 

while by the previous proof ()5.23|) becomes 

(5.39) ^hmStr(9r'((l + F,)-AI)-i) 



~k~m 
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[dimB/2] / /• \ 

= (m-l)! 5^ (-l)-^-'=(l-A)-^-'=-'"A:! (27r)-t / A{M/B)cl^ {£)] , 

k=0 ^ -^^I/B /[2k] 

and (jS.lip becomes 

Str (log(l + F,) (I + F,)-^) r^=- 

[dimB/2] ft- \ 

= V (-1)'=A:! (27r)-t / A(M/i?)ch'(f ) 5,Fi+,(s-l)n 

fe=0 ^ "^A'VB /[2fc] 

(5.40) + dsh2k+3+n+wA^) ' 

where hN^t{s) is the remainder term /lAr(s) for the t-rescaled Bismut superconnection 
with A^ = 2k + 3 + n + w. The coefficients in the above formulas are precisely related 
as explained in the previous proof. The powers in the expansion ()5.H8j) have the 
crucial consequence for the globally determined remainder term in ()5.40j) that 

(5.41) dsh2k+3+n+n.As) = 0{t"^) 

as t — > 0+. It remains then to compute the sum in ()5.40|) . We have for — 1 — Re(a) < 
Re(s) < 



^T^ Jc 

1 i 



= — / log/i/i 'd^l-iJ,) '^ dfi 

a 271 J c 

\ 1 f S 1 f 

= - — / fi''~\l - ny dfi--— / \ogfifi-'-\l - fiy t//i 

(5.42) = -FAs)--dsFAs) . 

a a 

Since r(z)|™^'' is holomorphic for z 7^ 0, —1, —2, . . ., then from ()5.(ip we have that 
Fa{s)\^^^ is holomorphic near s = and hence that 

^9,F„(.))|-- = 0. 

The meromorphic extension of the Gamma function is obtained by the identity 
r(s + 1) = sT[s) ,and hence from ()5.(j|l we find that 

Fk{s)\fll = l. 
Hence 



d,F,^,{s-l)\Zl 



1 

k ' 
From ()5.40p and ()5.41|) we obtain the asserted identity D 



Using Proposition EISl one has for the Bismut superconnection that the limit 



lim / 'c^((l + F,)-iA„l + F„0)r<^'-d£ 
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exists uniformly in all C' norms on compact subsets of B, and hence that 

ro,oo(A) := limr^£-i(A) 

exists. With Proposition 15 ■4[ this completes the proof of the local family index 
formula for the zeta-Chern class: 

[dim_B/2] 

[2k] 



logc(Ker(D),V°) = V (-1)'=(A; - 1)! ( (27r)-t / A(M/5)ch'( 

+ d\im [ 'c((l + Fe)-'A„l + F„0)r<='-rf£ 



or, exponentiating 



c(Ker(D),V°)= H e ^ ^ i^^^ + duo,oc. 

fc=0 
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